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Abstract 

Qh. It is shown that the one-loop coefficients of on-shell operators of 

, standard supergravity with canonical gauge kinetic energy can be reg- 

ulated by the introduction of Pauli-Villars chiral and abelian gauge 
^ . multiplets, subject to a condition on the matter representations of the 

. gauge group. Aspects of the anomaly structure of these theories under 

global nonlinear symmetries and an anomalous gauge symmetry are 
discussed. 
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1 Introduction and preliminaries 



It was shown in [|l| that Pauh-Villars regulation of the one-loop quadratic 
divergences of a general = 1 supergravity theory is possible. This re- 
sult was generalized to the regularization of the one-loop logarithmic 
divergences of globally supersymmetric theories, including nonlinear sigma 
models, with canonical kinetic energy for Yang-Mills fields. It was further 
assumed that the theory was free of gauge and mixed gravitational-gauge 
anomalies. The purpose of the present paper is to generalize further these 
results. 

In section 2 we give a full PV regularization of a general supergravity the- 
ory with canonical kinetic energy for the gauge fields and an anomaly-free 
gauge group. In section 3 we consider anomalies under Kahler transforma- 
tions, and in section 4 we show how the regularization procedure must be 
modified in the presence of an anomalous U{1) gauge group factor. Our re- 
sults are summarized in section 5, and some calculational details, as well as 
corrections to P, ^ , are given in appendices. 

We conclude this section with a brief review of the formalism used to 
evaluate the regularized Lagrangian. The one-loop effective action Si is ob- 
tained from the term quadratic in quantum fields when the Lagrangian is 
expanded about an arbitrary background: 

Aw($,e,c) = -^$^z*(D| + i7$)<i> + lez®(^^e-Me)e 

+ ^cZ^{^Dl + H,)c + Oii;), (1.1) 

where the column vectors $, G, c represent quantum bosons, fermions and 
ghost fields, respectively, and ip represents background fermions that we shall 
set to zero throughout this paper. The fermion sector 6 includes a C-odd 
Majorana auxiliary field a that is introduced to implement the gravitino 
gauge fixing condition. The full gauge fixing procedure used here is described 
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in detail in The one loop bosonic action is given by 




(1.2) 



where T_ is the helicity-odd fermion contribution which contains no quadratic 
divergences, and the helicity-even contribution is given by 



The background field-dependent matrices H{(j)) and D^{4>) = + r^(0) are 
given in 0], [Q, where the one- loop ultraviolet divergent contributions have 
been evaluated. 

We regulate the theory by including a contribution from Pauli-Villars 
loops, regarded as a parameterization of the result of integrating out heavy 
{e.g., Kaluza-Klein or string) modes of an underlying finite theory. The 
signature = ±1 of a PV field determines the sign of its contribution to the 
supertrace relative to an ordinary particle of the same spin. Thus t] = +1(— 1) 
for ordinary particles (ghosts). The contributions from Pauli-Villars fields 
with negative signature could be interpreted as those of ghosts corresponding 
to heavy fields of higher spin. 

Explicitly evaluating (1.2) with an ultraviolet cut-off A and a massive 
Pauli-Villars sector with a squared mass matrix of the form 



Dl + He = {-I Pe + Me) {i Pe + Me) . 



(1.3) 




gives, with H' = H + H^^: 




(1.4) 
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S[ is a logarithmically divergent contribution that involves the operator 



Finiteness of (1.4) when A — >■ cxd requires 



(1.5) 



STr/x^" = STrH' = STr (2n^H' + i/^) = STruH' 

= STrii-'^ + lsTrG"2 + 2t'_ = 0, (1.6) 

where t'_ is the coefficient of lnA7327r2 in TL+T^^. The vanishing of STr//^" 
is automatically assured by supersymmetry. Once the remaining conditions 
are satisfied we obtain 

S, = - f ^STr \( 2ix^H' + i/^ + STxH'^ + ^STrG'^ + 2t'\ In/.^] . (1.7) 
J oAtt'' LV 6 /J 

2 Anomaly-free supergravity 

We consider here a supergravity theory in which the Yang-Mills fields 
have canonical kinetic energy. We further assume that there arc no gauge or 
mixed gauge-gravitational anomalies: TrT" = Tr({Ta, T^jTc) = 0, where 
is a generator of the gauge group. 

To regulate chiral multiplet loops, we introduce Pauli-Villars chiral su- 
pcrmultiplets Z^, that transform under gauge transformations like , Yf', 
that transform according to the conjugate representation, and gauge singlets 
Y^, Additional charged fields and transform according to the rep- 
resentation i?^ and its conjugate, respectively, under the gauge group factor 
Qa: and transforms according to a (pseudo)real representation that is 
traceless and anomaly-free. Their gauge couplings satisfy 

E^^<^A = Ecf = c^' (2-1) 

/3,A i 
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where 



R 



(2.2) 



for particles transforming according to the representation R (or R), and 
the subscripts i, A, refer to the hght fields and to X, U, V, respectively. For 
example, if the theory has 2Nf fundamental representations of Qa, (as in 
supersymmetric extensions of the Standard Model) we can take PV fields in 
the fundamental and ant i- fundamental representations with signatures that 
satisfy J2i3vj3 — ^f- there arc 2Nf + 1 fundamental representations, one 
needs an anomaly-free (pscudo)rcal representation r for some such that 
C" = (2m + l)Cj. If no such representation exists, the theory cannot be 
regulated in this way. 

To regulate gravity loops we introduce additional gauge singlets (f)"^, as 
well as U{1) gauge supermultiplets W^" with signature and chiral mul- 
tiplets = e^" with the same signature and f/(l)/3 charge Qa^ais, such 
that the Kahler potential K{6,6) = \va{d + ^)^ is invariant under U{l)jj: 
^pOa = —SpOa = i^a^ap- The Corresponding D-term: 



vanishes in the background, but {9°" + 9°')/\/2 acquires a squared mass 
jj?^ — {2x)~^q^Va, equal to that of W"', with which it forms a massive vector 
supermultiplet, where x — is the inverse squared gauge coupling, taken 
here to be a constant. 

Finally, to regulate the Yang- Mills contributions, we include chiral mul- 
tiplets </?^, (p'^ that transform according to the adjoint representation of the 
gauge group. 

We take the Kahler potential^ 



v(e, 9) = v^vl vl^-iY, Kpsy = ?«i/«(r + r), (2.3) 




This choice is by no means unique, only illustrative. 
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7 I 



Kt 



E 



, 17012 

+ l^al ' 



K. 



a!>3 

y 

a<3 



^ KW^Yf - aa {Yj'^Y^K' + h.c.) + {Y^^l^ (l + alK'Ki) 
J2 5^^Y/Fj + |FoT, i^^ = i^™/r^, (2.4) 

I,J=i,j 



where i^™ is the inverse of the metric tensor Kim, the superpotential 



W, 



PV 



E 

a/3 
1 



I? 



(2.5) 



and gauge field kinetic functions 

r' = x(5'^'+d^fsra^fj, r^ = 5"^ = e"^V2^(^^, (2.6) 

where the index a refers to the hght gauge degrees of freedom. The function 
K — K{Z, Z) is the Kahler potential for the light chiral multiplets Z^ = {Z^y , 
W — W{Z) is the superpotential, and 

Ki^diK^-^^K, Kirn^didmK, K^j ^ didjK, etc. (2.7) 

Properties of the metric tensor for Yj, Yq, are given in Appendix A. The 
matrices fice/s, dap^ ^a/s, ai'e nonvanishing only when they couple fields of the 
same signature. The parameters /x, u, play the role of effective cut-offs; they 
are constrained so as to eliminate logarithmically divergent terms of order 
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/x^lnA^ in the integral (1.4). The parameters a,b,c,d,e, are of order unity, 
and are chosen to satisfy: 



bi = 1, ba^i = 0, a=J2 vl^l = -2, a' = J2 vl^i = +2, 

a,pvf3 OL a 

The signatures of the chiral PV multiplets satisfy 

1, E^f = 2, E^f = -1' Va=Vat 

a a 

< = ^f+4, Vi = V2 = -Vi = -I- (2.9) 
2.1 Quadratic divergences 

In [0 it was shown how to regulate the quadratic divergences of supergravity 
that are proportional to0 

+2N (^V + - + 2x-^VaDi{T''zy 

-2Rirn (e-^A'A"^ + V^'/Vz"^) , (2.10) 

where and Nq are the number of chiral and gauge supermultiplets, re- 
spectively, in the light spectrum. In these expressions, r is the space-time 
curvature. Rim is the Ricci tensor associated with the Kahler metric Kim, 
= 1/ + -D is the classical scalar potential with V = e'^AiA' - SM^, V = 
{2x)-^V''Va, Va = Ki{Taz)\ and = e'^AA is the field-dependent 
squared gravitino mass, with 

A = e^W = A\ A = D,A, A' = K''^Am, etc., (2.11) 

■^See Appendix D for corrections with respect to Our conventions and notations 

are defined in the Appendices of these papers. 



EY 2 

(2.8) 



E^^ 
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where Di is the scalar field reparameterization covariant derivative. 

In evaluating the effective one-loop action we set to zero all background 
Pauli-Villars fields; then the contribution of these fields to STrif is 



P \ P a J 



(2.12) 



where P refers to all PV chiral multiplets, including O"'. Prom (2.1) we obtain 
for the relevant elements of the scalar reparameterization connection P and 
Riemann tensor it! (see Appendix A) : 

DiiTaVaY = -Dj{Tazy-alKj{Tazy, Dj{TayaY^-aa{Tazy, 
DoiTaVaY = a^{K^Di{T,zy -Ki^{T,zr + alKiVa), L'o(7;y«)° = a^, 



(R-a JOkm 

Dc{Ta<pY 



km I 



a > 3, 



kC,D 



^Z,Y, (2.13) 



where a'^ — 1, oi^ — oP — 0. Using these relations with (2.9) we obtain an 
overall contribution from heavy PV modes: 



SMpy = -- (AT' - 7V^) - 2a (k^^V^z^VH"^ - 2V) - 2x-^P„A(r«^)^ 

+2V (N' -a) + 2M^ (N' - 3a) + 27?^^ (e'^A'A^ + V^z'V^'z^) , 
oc = Y.^cocc, N'^J2VP: N'a^Y.V% (2.14) 

C P 7 

With (2.10) the finiteness condition STrii' = imposes the constraints 

AT' = 7 - AT, N'g^ -Ng, a ^2. (2.15) 
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The vanishing of STr(yU^/J'+z/^) in (1.6) further constrains the parameters 
/i and v. If, for example, we setg /i^^ = Qa = 1, /i^^^ = Paf^, = 

l/ip, the finiteness constraint requires 

E^f(/5f)' = E^f Mf)' = ^E^f (/^f)'+ E ^c(/5c)' = o, 

a=l a=A a=A C,a'^=0 

E^c(/^c)' = for fixed ac 7^ 0, C ^ Z' ,Yi. (2.16) 

c 

As explained in [jl| the 0(^^) contribution to 5*0 + 5*1 = / d^x {Cq + Ci) takes 
the form: 




Kp = 5pe,i^;XE'^^W^ = g>7, (2-17) 

8 

where 

^PQ = ^PQ^P, CpQ = ^PqCp; 

Ap = 2^r/f (/3r)'lnC (p^, = C^,^, = 1, (. = -4, = 0, 

a 

{a')1 = e"" K^V' ^ipsMR. Py^d, Ale^ = 6^,\f,o\'. (2.18) 

plays the role of the (matrix-valued) effective cut-off. As emphasized 
previously if there are three or more terms in the sum over a, the sign of 
Ap is indeterminate 0. 

■^The result is unchanged if the parameters ^ — > fJ,{z), v ^{z, z) depend on the hght 
fields g. 
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In the following we require only on-shell invariance,^ so the quadratic 
divergences impose one less constraint than in (2.15). That is, we perform a 
Weyl transformation to write the one-loop corrected Lagrangian as 

= il + e)g,., e = ^iN + N'~NG-N'^-7), (2.19) 
and we do not require e to vanish. Then the finiteness conditions reduce to 
A^' = 3a + 1 - iV, N'a = a-2-NG. (2.20) 
In this case, the third finiteness condition in (1.6) becomes 

STr (2fi^H' + = 2STr (/x^ - /x^) + K.^nV^z^V^z^ - 2V^ = 0. 

(2.21) 

The supertrace on the right hand side vanishes identically because the su- 
pertraces of the squared mass matrices /ipy vanish separately in the chiral 
(yU^) and f/(l) gauge (/i|.) PV sectors. 



167r2 



finite terms, 



2.2 Logarithmic divergences 

From the results of P, §], if C{g,K) is the standard Lagrangian ^ for 
= 1 supergravity coupled to matter with space-time metric (7^,^, Kahler 
potential K, and gauge kinetic function fab{Z) = 6ab, the logarithmically 
divergent part of the one loop corrected Lagrangian is 

^The ofF-shell divergences are prescription dependent; the extension of this regulariza- 
tion procedure beyond one loop may require a choice of prescription in which they can 
also be made finite. 
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L 



L0 + L1 + L2 + L3 + NL^ + NcLg, 
dC 



(2.22) 



where (j)^ is any light field, aii' 



^C'dab {W'' + h.c.) - —V^ + —VM' + 5M^ + —VM' 



-jV^z'V^z'^K.rnV-Fr + - {25V + lOM^) K.^V^z'^V'^z' 



f (^p; - ^^p;) {Fr + ^Fr) v^z^v^-z^k,, 



+ - [x'Wab\^^" - V (Kirf.Vpz'Vz'^ + 2V + AM^' 
+ 1 (V + 2M2) K^^V^z^V^z' - '-V^zW^z'^Ki^V'Fr 



2, 
3 



1 

3 ^ 



(2.24) 



>V'^'A(Tb^)^/^,(T,z)* + h.c. + -V^z^V^z'^Rf^PaDkiT'^z 



X 



m Dk 

imj ' 



+=^Vae~''Ri{AkA^D,{T''zy + 2iF;;,D,{T,zyRl^,V^z'V''z'' 
+V,zW^-z^R';^p^z'V^z^Rl^, + V.zW^z^Rl^p^z'V^z^Rl^, 
-V^z^V^z'^R^^.V/V^^z^K,, + 2e-''V,z^V>^z'^R^^,R'^,A,A^ 



im] 



imj n k 



(2.25) 



^See Appendix D for correctfons with respect to 
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^DiiTaZyVa (V^zW^z'^Kjrn + V + 3M^) + '^V^z'V^Z^ RirnV" 
+ '^Di{TaZy [(W' + W^') Vt + txF^^KrnjV^Z^V'z' 

+^Pe-^i?}A^^' - '^V^z'V'^z^ [e-^'R'^AkA^Ki^ + R,^ (v + 3M^) 
-'^V^z'V^z^KirnRjn {V'z'Vz'' - Vz^V^z"") - ^-e-'''' R^ A^A^ AjA^ 
- \Vpz'V<'r'K,^V^z^V^rRjn + \vV^z'V^r'R,^, (2.26) 



V^.z^V^'z'R'' ^^V^rV^'r'Rnkfni 



+e" 



-K 



-V. 



X 
-K 



V^z'V^z^ [a,uA^R\'^ - RY.iA^keA"^ - A,eA)) + h.c. 
{T^^zYR.^ "A^Ajk + h.c] + e-'^ [Ri\AjkA"AA' + h.c.) 



+e-^ {2V^z'V^'z^ + e-^^M'^j R^^^^R^'l^A^A'' 
- (p^z'Vz'^ + e^^A'A"') [Vi (e-^ R^^^AkA^^) + h.c] , (2.27) 

= ^K,^Kj^ [2V^z'V^z^V,z^V''z'' + V^z'V^z^V^z^V'z^) 



+ + ^) T^.z'V^z'^K,^ - '-V.z'V^z'^K.^V^Fr 
^ VV - ^K^^V^z^V^z^ (f;^ + (f^ - , (2.28) 



3 2 

where = Fj^^F^'" with F^^ the Yang-Mills field strength, 

I (f„ • F, + F„ • F,) - 



ab 



(2.29) 



and 



e^A (e-^i?J^,A,A^'=) = {D,R^^,)AeA^' + R^^.A^A^' 

+2R^^^AkA^ + R]^,R\iA,A\ (2.30) 
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The renormalized Kahler potential is 

lnA2 



Kr 



K + 



327r2 



e-^AijA'^ -2V - lOM^ - 4/C° - 12V 



X 



(2.31) 



The second term in the expression (2.24) for Ceff does not contribute to the 
S-matrix. Since we are only interested in on-shell finiteness, we can drop 
it. We have also dropped total derivatives, including the Gauss-Bonnet term 
which can readily be extracted from the results of P, ^: 
.lnA2 1 



(2.32) 



'327r^48^"" ' ^^-^yy ■ fiupa ^' ' pu 
in agreement with other calculations [§. We similarly drop total derivatives 
in the logarithmically divergent PV contributions. 

The Pauli-Villars contribution to (2.24) is, after an appropriate additional 
space-time metric redefinition, 
.lnA2 



PV 



327r2 



K' 



InA^ 
32^ 



e-^Y.^pApQA^'^, 



(2.33) 



where 



V9 



ApC = ApL = -FV + (e-^AM™ + Vf.z'Vf'z'^) d^drnF 



-\d,F 



e-'^A'A + —Va{T''z 
2x 



+ h.c. 



(2.34) 



is the shift in C/^/g due to a shift F{z,z) in the Kahler potential, and [see 
Appendix B and Eq. (B.38)] 



2e^ + {d- 2ef 



2iV^zW,z'^K,rnV''F^' + AV (3M2 + v) - Ax^Wab'W" 

+x (f;^ - tP;^) {Fr + tPr) v^z^v^-z^K,^ 

+2VV,z'V^z^K,^ - 4A^L, 



(2.35) 
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are the contributions from the gauge kinetic terms given in (2.6), obtained 
by a straightforward generahzation of the results of to the case of a non- 
diagonal gauge kinetic function fab (see Appendix B). 

To evaluate K' and L3 we need the additional PV matrix elements (see 
appendix A): 

R^i — p._ \- K - K u - K - 4^1 — 4 .. 4^-^ — 4*J 

x/2Afj'^" = 72^5^ V2A'l^y^=6]A + ale''K,WA\ a > 3, 

y2A£^^^ = a,A\ v^Afo-^" = a,e^M/i, a > 3, 
= Af = 5''^u-W, 

All = ^-pc^^, A% = 5^^c^W, (2.36) 

where we have not included /i-dependent terms that are already contained 
in (2.17). Then, using (2.8-9) we obtain 
lnA2 



K' 



e-^AijA'^+2V + 2M'-AlCl-A{e + l)V . (2.37) 



32772 

L3 is determined by the expressions 

J J 



R-lkjn (-^^^) ^ £ ~ RirhjnR^ k H + ^Rkmin + 2 {KkfhKin + KifnKkn) , 

A^A^Zx ~ AijA^\ Rj^j^A^^_^ = RifnjnA^^ + 2Ajnn, (2.38) 



Lf = -L3 + 4A,>L + 8AM2i^ e-^ (AiAC + h.c. 



givmg 

2 

-4e-^ (2P^;2^P'^z'^ + e-^A'A"^) Rl^^AeA" - 8VM\ (2.39) 

where relations among operators given in Appendix B of were used. 
is obtained directly from (2.13): 

2 

J2vpL2 = -L2--aL^, 
p 
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(V + 3M2) - iV (KirnVpZ'VPz^ + V + 3M^ 
+2 [V + 3M2) K^rnV^z^V^z'K^rn + {v ^z'^V^^ z' K 
+V^z'V''z''KinKj^ {v^z^V.z^^ - V^z"'V,: 



-zab 



(2.40) 



To evaluate Lf we need 

Dj{TaZ^yDj{T,z^y -- 
DjiTayiYDjiTmY -- 



{R^°')j^^Dj{TbZa)^ 

DpiTaVafDQiny^f 

Dc{Ta(j)fDD{T,<f)f 



D,{TazyD,(T,z)\ 

RjkffiR'ji'^bZy , 

D.iTazYDiiTkzy + alx {JCab + /C, 



ba 



''a ^i^km 



Rl^D,{T,zy + alDkinzYK^^, a > 3, 



5^al;KkmPb-, 



^Z,Y. 



(2.41) 



Then using the constraints (2.8) and the results given in Appendix B of 
we obtain (see Appendix A) 



p 



-Li - 3C"^5„6 (W^' + h.c.) + a'L^ + Lf , a' = ^ Vc^l^ 

c 



4 



Am2/: + (2f + 3M2 + 2V 
2 



VaiT^'zYC, + 2D^Z™(T'^;2)'ir,^/:^: + h.c. 



+AV^z^V^^z'V,z'^V''z^ {R,^jn + K,nK,^) 
+4e-^ {2V^z'V^'z'^ + 6"^^^™) i?^^„A£A". 

Adding the above, we get for the total PV contribution: 



(2.42) 



C 



PV 



327r2 
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Lpv 



K' + 



InA^ 



^-{Kr-K), 



327r2 

N'(.Lg + N'L^ - Li - L2 - L3 + + eLe 
+ (a' - L„. 



(2.43) 



The renormahzation of the Kahler potential is seen to be finite. Setting 

26^ + {d- 2ef = 2e, (2.44) 
and using the constraints (2.20), we obtain for the remaining contributions 

L + Lpv = - (6 + a - a') + V^z'^V'z'V.rV {KirnKjn - K^nK^rn) 

(2 - o; + So;') {qVM'' + 3M^ + 2M^KirnV^z^V^z'Kirn) 
+2 (4 + a') VKi^V^z'^V^z'Ki^ 

+ {U + a + a') V^z^V^'z'V^z'^Vz^Ki^Kjfn 

+4 (7 + a - 3a' + 3e) VM^ 

+ {<£, + a- a') (W"'' + PaPb 



+2 (7 + a - e) X 



(^p". - iF;^) + iFr) V^z'V^z^K, 

-2 (1 + a' - e) (2DV + tV^zW.z^K.^V'^F^'') 
+2 (5 + a - 2a' + e) VKirhVpz'VPz^ . 

Finiteness is achieved by imposing 

a — —10, a' — —4, e = —3. 



(2.45) 



(2.46) 



Once all the infinities have been removed, the Lagrangian takes the form 
(1.7), with the matrix- valued effective cut-off a function of the scalar fields. 
In particular, the terms of order In/x are given by (2.22) with InA^ replaced 
by the matrix Z]p^^ln(/Xp). 
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3 Kahler anomalies 



Classically, supergravity theories are invariant Kahler transformations 
that redefine the Kahler potential and the superpotential in terms of a holo- 
morphic function H{z): 

K ^ K + H + H, W-^e^W, (3.1) 

and that shifts the the fermion axial U{1) current: 

r,, = [v^z'K, - V^z^K^) -> - ^d.lmH. (3.2) 

This invariance is anomalous at the quantum level due to the conformal 
and chiral anomalies. Consider for example the one-loop correction to the 
Yang-Mills term: 

+ ■■■, (3.3) 

in the notation of (2.16), where the dots represent operators of higher dimen- 
sion, and 

lnp^= Y: ln(/5r)', lnpz= E ^^{(^af- (3-4) 

a,P=ip,if> a,P=Z,X,V 

Under ( |3.1| ) the quantum correction ( |3.3| ) changes by 

= (i^r^^;^ - ^^'^^") - C^m) , (3.5) 

Gauginos and chiral fermions have Kahler U{1) weights +1 and —1, respec- 
tively, so the corresponding chiral anomaly 

Sx^l"" = -^Q^r^;.-^^^a^^'^)(Q-CM)- (3.6) 
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combines with ( |3.5| ) to give the superfield expression 

1 r ,..E 



A/ _ f ^aq — W^W": (C" - CI,) . (3.7) 



The field dependence of the effective cut-offs was in fact determined in [|15 
by imposing the supersymmetric relation between the chiral and conformal 
anomalies associated with Kahler transformations; this in turn restricts the 
Kahler potential for charged PV fields. 

Sigma-models coupled to supergravity are invariant under a group of non- 
linear transformations Z f{Z) that effect a Kahler transformation of the 
form (|3.1| ), ( p.2|) . This is in general a classical invariance, and an interesting 
question is under what circumstances this invariance, which we will refer to 
as modular invariance, can be respected at the quantum level. If modular 
invariance is broken at the quantum level, the resulting chiral and conformal 
modular anomalies must form a supermultiplet. We consider some examples 
below. 

3.1 Nonlinear sigma-models 

Consider first an ungauged supergravity theory with no superpotential and 
with a Kahler metric typically of the form 

m 1 / "'^ \ 

K=Y.K^, i^^ = _ In l + r^^|4|2 , kA = -v\kA\, (3.8) 

A=l \ i=l I 

that is classically invariant under the infinitesimal nonlinear transformations 

6z\ = i5\^^z\Y.f^\z\, 6K^ = F^ + F^, F^ = ^^i4, (3.9) 
j j 

where rj = +(— )1 for a (non)compact symmetry group. Then the derivatives 
of the metric satisfy 



Kf, = kAKfKC, T% = kA[6f'K^ + 5rKf 
Rfkfh = kA (5f'K^^ + 5k'Kf^ , 5f' = if = ■ ^'^'^^^ 
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To regulate the theory, we need only include a subset of the chiral super- 
multiplets in (2.4). We take the Kahler potential 



A.a 



K 



E 

I,J=i,j L 



and the superpotential 

I,A,al3 afS 

where Haf3 = if ?7„ 7^ 77^3. 

Then (2.10) and (2.12) reduce to 

2E ^^^"^"^^4 [2 - kA {UA + 1)] + ^(7 - iV), 



(3.11) 



(3.12) 



STri/ 

STiHpv 
N 



-2Y.<yAV,z^V^z^Kf^-'-N', 

A ^ 

Y^UA, N' = Y.r]^ + 2nAj2Va: 



a, A 



«A = E^M + E^f<- 



(3.13) 



B 



Cancellation of the on-shell quadratic divergences requires 

N + N' = 2aA + 2kA{nA + l) + 3, (3.14) 

and additional constraints on the parameters provide a cancellation of all 
one-loop ultraviolet divergences. 

The PV Kahler potential ( 3.11 ) is invariant under the Kahler transfor- 
mation ( p.8|) , provided the PV superfields transform as 

d6z'A 



5Z\ 



-Zi = r^\Z'^FA + z\Y.'^AZ. 



-E«;^^V, 

A 



-V I Y/'Fa + E 1 - ^/ E c^aF'' 

j j B 



(3.15) 
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To obtain a fully invariant PV potential requires 

«1 = 1, l^% = if at + a$^l, (3.16) 

in which case the superpotential ( |3.12D transforms under ( |3.8| ) as 5Wpv = 
—WpvY^aF^ 1 cind the effective cut-offs Apg are constant. However in this 
case 

«A = \n\ Hpv = -N' (v^z'V^z^K,^ + , (3.17) 

which is removed by the Weyl transformation (2.19). Thus chiral supermul- 
tiplets with modular invariant masses do not contribute to quadratic diver- 
gences, nor do massive abelian gauge multiplets. Since modular invariance of 
their masses requires = 0, 6'-loops contribute only to the space-time cur- 
vature term and exactly cancel the corresponding gauge loop contributions. 
Therefore, modular invariant regularization cannot be achieved unless the 
massless theory is free of quadratic divergences. This requires a constraint 
on the total massless spectrum. If it includes Nq gauge supermultiplets and 



Nq additional chiral supermultiplets 0" with modular weights q^, that is, 
with Kahler potential 

K{r,r) = j:\r\'e^A'^''\ (3.18) 

a 

the constraint reads 

2j2q^-Ng-N + NG + 3 + kA{nA + l) = 0. (3.19) 

a 

If this constraint is satisfied, the Kahler potential is not renormalized, and 
the classical Bagger- Witten quantization condition P, |TD[, which relates the 



pion decay constant to the Planck mass in a compact a-model, is preserved 
at the quantum level. If this is not the case, one can still preserve the BW 
condition by imposing, in addition to (2.16), the additional constraints [see 
(2.17-18)] on the PV masses: 

r]aPlp In (Pap) = for fixed a„ + a/3 7^ 1. (3.20) 
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If the group of modular transformations is noncompact, a subgroup of the 
modular transformations ( |3.9| ) may be a classical invariance of the Lagrangian 
in the presence of a superpotential and of gauge interactions for a subset of 
the Z*. An example is the Lagrangian for the "untwisted sector" of light 
fields in a class of orbifold compactifications of the heterotic string. The 
Kahler potential is (neglecting the dilaton) 

3 / n-1 \ 

K = Y.G', G' = - In [Ti + Ti- Y.\<^fn. (3.21) 

1=1 \ A=l J 

It is invariant under an SL{2, R) group of modular transformations that leave 
K invariant, and the derivatives of K satisfy ( p. 101) with ^ , kA ^ 
kj = 1. The superpotential has the form 

W= J2 CABc\eijK\^f^j^%. (3.22) 

IJK,ABC 

This model has the property that 

AiA,jB = if / = J, = 0, (3.23) 

where the indices i,j, ■ ■ ■ run over all chiral fields 2;*, and the logarithmically 
divergent contributions (2.22-28) simplify considerably. However, the ansatz 
( |3.11| ) is insufficient to cancel logarithmic divergent terms proportional to 
DiiT"- zy D jiTaZf and DiiT'^zY Rl/^^, suggesting that modular invariant reg- 
ularization is not possible for any choice of spectrum, although invariance of 
the 0{^'^) term can always be imposed by conditions analogous to (|3.20| ). 



3.2 String-derived supergravity 

If the underlying theory is a superstring theory, there is generally invariance 
under a discrete group of modular transformations on the light superfields 
under which K ^ K + F(z) + F(z), W e~^^^^W, which cannot be 



broken by perturbative quantum corrections [11 1. For example, in the class 
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of orbifold compactifications mentioned above the Kahler potential, including 
twisted sector fields, takes the SL{2, R) invariant form 

7=1 7=1 

/ = - In (T, + f,), (3.24) 

which reduces to ( p.21| ) when the twisted fields are set to zero. The gen- 
eral PV Kahler potential of (2.4) is modular invariant if the field has 
the same modular weight as and ip'" has modular weight ac- The super- 
potential (2.5) can be made invariant under the discrete SL{2, Z) subgroup 
of SL{2, R) modular transformations, by an appropriate Tj-dependence of 
the PV masses: /Iq, fJ^aiTj) = fiaY[i[viTi)Y°', where rjiT) is the Dedekind 
function. This modification of the effective cut-offs could be interpreted as 
threshold effects arising from the integration over heavy modes. 

On the other hand, it is known that at least some of the modular invari- 
ance is restored by a universal Green-Schwarz counter term; this is in partic- 



ular the case for the anomalous Yang-Mills coupling |T2|-|[T5|. To study the 
conformal anomalies arising from the noninvariance of the effective cut-offs, 
consider the helicity-even partQ of the one-loop action, given by 

Si = ^STr In [d^ + H{Mpv)] , (3.25) 

where Mpv is the PV mass matrix. Under a transformation on the PV fields, 
represented here by a column vector X\ that leaves the tree Lagrangian, as 
well as the PV Kahler potential, invariant: 

-"-^C ----- 

{d' + HiO))^ ^ (d^ + H{Q))^g-\ (3.26) 



^The chiral anomaly can be obtained by a resummation p6[ of the derivative expan- 
sion of the hehcity-odd contribution T-, which gives the standard results for the terms 
condsidered here. 
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because all the operators in the determinant except Mpv are covariant, and 
the PV contribution to ( p.25| ) changes by 



{Si) 



PV 



J2 ^.STr In {g, [d^ + H,{gr'M'pyg,)] g^^} 



^r/,STrln + H,{gr^M'pyg, 



(3.27) 



where rji is the signature, and the last equality holds if the integrals are finite. 
The PV Kahler potential Kpv = kimX^X"^ is invariant provided kim — »• 
gi^kifnCj^ ^ A;*™" — > gik'^'^gm- If the PV mass is introduced via a superpotential 
term W 3 fiijX'-X^ , fi = constant, the PV mass is 



(3.28) 



If the transformation is abelian: gi = e'^' , and the metric is diagonal: Kim oc 
6irh, we just get 



'e'^' 
e^' 



9^'Migi 



M'-K)/2 







(3.29) 



if, e.g., cx 5ij. 

If, following section 2, we introduce regulators X^, for $^ with signature- 
weighted average modular weights — g/, and X" for the gauge fields with 
average weights = 1/3, and the superpotential term 



Wpv = E I^aX^'X'^ + fiaX'^X,, 



rrii 



(3.30) 



under a modular transformation we have 
/e-E.^P^ 



9i 



9iMlg^^ 



m- 



e-i:.^^^V 

e-2^E/9}i"^^'m' 



rrii 







(3.31) 
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the contribution ( p.3| ) shifts by 
1 



647r2 



3CJn{\ml\)-j:Cf\n{\ml\) 



+ 



1 



327r2 ^ 



+ 



(3.32) 



and the conformal anomaly matches the chiral anomaly arising from the axial 
currents 



A 



r,= '- {v.z^K, - h.c.) , {Al)l = -r. + ^ (^^M^T^,, - h.c 



(3.33) 

for gauginos and charged chiral fermions, respectively. The Casimirs and 
modular weights satisfy the sum rules: 



C"^-E(l-2gi)C^ = C^s-&^. 

A 



(3.34) 



For orbifolds such as Z3 and Z-j that contain no N=2 supersymmetric twisted 
sector [jl^, 6^ = 0, the anomaly ( p.32| ) is completely cancelled by a Green- 
Schwarz term. For other models the residual anomaly is cancelled by string- 
loop threshold effects that can be incorporated in the present formalism 
by making the if"" masses moduli-dependent: 



(3.35) 



Note that since the masses are not modular invariant, additional condi- 
tions, analogous to ( |3.20|) , must be imposed to make the quadratically diver- 
gent terms anomaly free. Possibilities for cancelling the remaining modular 
anomahes will be studied elsewhere. 



4 Anomalous U{1) 
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In this section we include an anomalous U{l)x gauge factor: TrTx, TrT|- ^ 
0. To regulate a nonanomalous gauge theory we introduced heavy vector-like 
pairs of states with gauge invariant masses. Explicitly, under a gauge trans- 
formation ^ gAX^, X'^ ^ gj'XA, X^ gfX^, X'^ QaXa, M' = 
gMg~^, i.e., the mass matrix ( |3.26| ) is covariant, and no anomaly is intro- 
duced by the regularization procedure. 

However, the quadratically divergent piece contains the term 

2x-^VaD,{T''zy = 2x-^Va (TiT" + TijiT^zy) . (4.1) 

If TrTa 7^ 0, one cannot regulate the quadratic divergences^ without intro- 
ducing a mass term for PV states X* with the same U{l)x charge g*. As a 
consequence the effective cut-off is noninvariant, which gives the conformal 
anomaly counterpart to the chiral anomaly. 

Thus, in addition to the PV regulators introduced in section 2, we intro- 
duce chiral fields X* with signatures rji that carry only U{l)x charge g^: 

K-^K + k\ k' = f{Z^,Z'^)\X'f + 0\X'\\ W + n'iX'f. (4.2) 

Their contribution to the chiral U{l)x anomaly vanishes; the explicit break- 
ing through the mass terms cancels their contribution to the true anomaly. 

We have been working with the covariant superspace formalism of , in 
which the vector potential^ is introduced as the lowest component of an 
anti-hermetian one-form superfield, and matter superfields $ are defined to 
be covariantly chiral: 

P^$ = 0, x" = ^?"<^'l, (4.3) 

where the covariant derivative Dm contains the gauge connection Am, and 
M is a coordinate index in superspace. Under a gauge transformation: 

Am ^ Am - g-'P Aig, <l>^ ^ (7^-$^, g~' = g^. (4.4) 

^In the context of renormalizable theories one can use dimensional regularization or 
reduction and the quadratic divergence never appears. 
^iAi^ iam — -Arn \ in the notation of Q . 
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The chiral Yang-Mills superfield W"' is obtained as a component of the two- 
form J^MNi which is the Yang- Mills field strength in superspace. The authors 
of point out that one can introduce the commonly used Yang-Mills super- 
field potential Vx such that 

W^ = -^(v^-R)v^Vx. (4.5) 

where R is an element of the supervielbein and T>^—R is the chiral projection, 
but this field does not appear in the construction of the action which is 
invariant under an additional gauge transformation 

Vx-^V;, = Vx + 1{A + A), (4.6) 



that is independent of ([4.4|). Since the gauge invariant superpotential is 
invariant under the complex extension of the gauge group, there is no conflict 
between ([4.4| ) and holomorphicity of the superpotential. 

However, the superpotential (4.2) changes by a nonholomophic function 
under U{l)x if g'^^X'^. Therefore holomorphicity requires X* 

e'ii^X\ A holomorphic, under a U{l)x gauge transformation. To preserve 
gauge invariance of the Kahler potential, we take X* chiral in the ordinary 
sense, that is, we define VmX^ = DmX\ where Dm contains no gauge con- 
nection, and modify the Kahler potential (4.2) to read 

K ^ K + k'e^"^^'' . (4.7) 

As shown in Appendix C, one obtains the standard Lagrangian when this 
expression is evaluated in the Wess-Zumino gauge. This choice is not justified 
unless the full theory is gauge invariant. In fact, we are interested in the 
special case in which the U{l)x anomaly satisfies the "universality" condition 

^TrTl = TriTxT^) = ^TrTx = 8n'5x. (4.8) 



and - in string derived supergravity - is cancelled by a Green-Schwarz term [|18] 



Thus provided this term is included and evaluated in the WS gauge, there is 
no ambiguity. 
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Including the fields X* we get a quadratically divergent contribution: 



(4.9) 



where the first term is the light field contribution and dx = J2a ^aQa^^^ 



. Finiteness requires 



(4.10) 



Once all the infinities are cancelled one gets a finite contribution that grows 
with /i^. Setting /Xj = we get a contribution of the form (2.17) with now 



i 

Taking, for example, the modular invariant form 



(4.11) 



327r 



the correction to the bosonic Lagrangian is [see ( |2.34| ) and Appendix C] 



AC 



^^32^ 



2 rl 



6K 



Note that a mass term is induced for the anomalous U{l)x gauge boson A^. 
Thus if the full quantum theory is not anomalous we must impose 



(4.14) 



The logarithmically divergent contribution from X* contains a term 

1 



Cx ^ 



647r2 ^ 



(4.15) 



26 



Under U{l)x, ( |4.6| ), |mjp e '^'^^^^~^^^\mi\'^, so the quantum Lagrangian 
changes by 

^^xB^Y: r/, (A + A*) gf Fl + • • • , (4.16) 
where A = A|. The hght fermion contribution gives the chiral anomaly: 

SCx = ^(ln^?|)^F"F, + ---, (4.17) 

For F° = Fx, the anomahes ( [4.16| , ^rT7D form a supermultiplet if we take 

^ = e-i(^-^), Y.V^qf = 87r'5x. (4.18) 



To make the full anomaly determined by (O) supersymmetric, we must 
include PV fields with both U{l)x and the nonanomalous gauge charges. 
This can be accomplished by assigning the same U{l)x charge qa to the 
previously introduced PV fields X^,X^, defining the superspace derivative 
as Vm = DmX + TaAlj, A"" ^ , and setting 

in the Kahler potential. The generalization of the Lagrangian of Appendix 
C to this case is tedious but straightforward. Once supersymmetry of the 
anomaly is imposed, with the appropriate constraints on the PV U{l)x 
charges, the full anomaly is cancelled by a Green-Schwarz term that gives 
the variation of the Lagrangian under the U{l)x transformation ( [4.6| ): 

5C^s = -^/|ATr(W"W„)+h.c. 

= -^(^ReA^F<^F, + ImA^F«F,^ +•••. (4.19) 

This mechanism introduces a D-term with a well-defined coefficient that has 
been used in many applications to phenomenology. Note that there is also 
a D-term in ( [4.13|) , that may be removed by an additional condition on the 
(3i. One needs further information on the underlying theory to determine 
whether or not this term is present. 



27 



5 Concluding remarks 



We have shown that on-shell one-loop Pauh-Villars regularization is possible 
for supergravity theories with canonical kinetic energy for gauge superfields. 
The resulting Lagrangian depends on the PV masses // that play the role 
of effective cut-offs. It remains an open question as to whether PV regu- 
larization remains possible at higher order without the addition of higher 
derivative terms. However since the chiral anomalies of the effective field 
theory are completely determined at one loop order, and their partner con- 
formal anomalies are thereby fixed by supersymmetry - through constraints 
on the Pauli-Villars massess - at the same order, one loop calculations are 
sufficient to study the field theory anomalies. 

We found that nonlinear sigma-modcl symmetries can be preserved at the 
quantum level only for ungaugcd theories with restricted particle spectra, 
such that there are no quadratic divergences. It is nevertheless possible to 
impose invariance of the 0{fi^) correction, thereby preserving the Bagger- 
Witten condition at the quantum level. Similarly, the 0{^'^) correction to an 
anomalous U{1) gauge symmetry may be made gauge invariant. There is also 
an 0(/i^) D-term that does not automatically vanish when gauge invariance 
is imposed; further information on the underlying theory is needed to fix this 
term. 

In string-derived supergravity a discrete subgroup of the sigma-model 
symmetry is preserved to all orders in perturbation theory; a study of the 
anomaly structure provides information on the type of counterterms that 
must be included to cancel the field theory anomalies. In these theories the 
gauge kinetic energy term is noncanonical, and is governed by couplings to a 
universal dilaton. The full loop corrections including the dilaton, and a more 
detailed study of supergravity theories based on orbifold compactifications 
of the heterotic string, will be presented elsewhere. 
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Appendix 



A. The metric tensor for Y 

The metric tensor derived from K^^^ in (2.4) is the inverse of that derived 
from the Kahler potential 



k 



Y: YlYi [K,j + alK^Kj) + a. [YiY^K, + h.c.) + 



0|2 



• (A.l) 



It is straightforward to evaluate the derivatives of the metric kpQ, P,Q = 
Yi,Yq. Denoting by ■Jq^, Tq^^ the corresponding elements of the affine con- 
nection and Riemann tensor, respectively, we have 



-{Tat, DYATaY)j = -D,{TaZ) 



(A.2) 



giving the results listed in (2.13) and (2.42). In addition we have, 

^PQ ~ G^WpQ, Ay^ = e^Ky^ Ky^ ^P'Q' = ^ p p, kqQ, A p, Q, , 

A% = e^Wp^, A^^ = e''K''^K^^AQ^ = kpQAQ^, (A.3) 
giving the results listed in (2.37). 



B. Nondiagonal gauge kinetic function 

Here we sketch the generalization of @] to the case of a nondiagonal gauge 
kinetic function involving Pauli-Villars fields. Although in this paper, we 
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assume a canonical kinetic energy term for the light gauge fields, we give the 
results here for the case of a universal dilaton. The case relevant to section 2 
of this paper is recovered by setting s = constant. With an arbitrary kinetic 
function fab{Z), the Lagrangian for the auxiliary fields Da of the Yang-Mills 
supermultiplets takes the form M, upon solving for Da, 



Lb = ^{Refr''DaD,-DaD'' = -^[{Refr' 



ab ~ ~ 
DaDb, 



= + {ffw - h.c.) , /f = 9.r^ (B.i) 

Writing /"^ = /a^"'' + e"*, we may expand in e to obtain 

Here we introduce Pauli-Villars abelian gauge multiplets W^, and take gauge 
kinetic functions of the form 



= e„^^ Kpy = e'Y.\v''\', e' = ^. (B.3) 

In addition to scalar curvature terms, 

Rl, = K,,5l (B.4) 

we have, for fixed a, 

Dsf^2 = -Tf^J-'^. = -kj^e = j-6te. (B.5) 

The relevant part of the tree Lagrangian 0, is (setting all background 
fermions to zero) 
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1 e 



-V-er 



iX 



R 



^I^a + ^a,^Fr ) X2 + h.c. 



V 



d [ip'^cp' + ^V) - e^ip" + + ^')] • (B.6) 



Following the procedure described in |]T9[, we introduce off-diagonal con- 
nections in the bosonic sector so as to cast the quantum Lagrangian in the 
form 



•^bose ~l~ ^gh 



gh C 



D, + v„ (v; 



IJ-JAp,Ba 



— e 



d^VAB 



i,Au 



1 



Bfiu 



- iFfe^,) , for i = ^\ A = Al. 



— iTi 



(B.7) 



This introduces corresponding shifts in the background field-dependent "squared 
mass" matrices: 

Ml^E^ = Ml- V^V\ M]^ ^ = - B^B^. (B.8) 

We have the following relations among derivatives of the kinetic function: 

, r = 2xe, f,a = DM = ^, 

2x 



fa 


= DJ 


fsa 


= D-Ja 




= 




1 r 




2x 



ix^ 



-Cba £a ^ 
J a J ha 

2x 



d,s + h.c. 



(B.9) 
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In evaluating the matrix elements needed for PV loop contributions, we 
set background PV fields to zero and show explicitly only the terms involving 
the parameters e and d. The remainder of this Appendix closely parallels 
Appendix C of §]. 



1. Matrix elements 

The elements of I, J = V'", are 



Vij + Rij + Vij + VI J - {V^V^)^j , 

= {v,vn^,^ = {v,vn^^ = 0, 



(B.IO) 



where 



-V. 



_^^V' + -V,{r)l Vai, = ^ie^-d)VJ),. (B.ll) 
zx X Ax^ ^ ' 

The additional nonvanishing elements of Zi^Hi^ are —Na^^^v and S^^^a with 



afj.,/3u 



cO 



ix 



VF, 



V^F - —F^ \ 



X 



X 



au/i ■ 



(B.12) 



Finally we need 



{Gz + Gg + G, 
d^sdyS - d^sdyS 



ix^ 



a, b 



a,b 



a,b 
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2 

ex 



ap,a 



(f F^p ^iF F'^f) - ill 



a, b 



,,ap 



if" 



X 



The matrix elements of Mq are given by 
0, 



(B.13) 



rriu 



m, 



le 



= ml, 



IP / ~ 

— (FrTiF^'" 



[B.14) 



with covariant derivatives as defined in f^, ^: 



Dp (m^ 



— z 



4x2 



eP„ + — (K,rn{TaZrVpZ^ + h.C. 



2x 



The matrix elements of G® are (see Appendix D 



f = r - 


2 '^^ 




a,b = 



(B.16) 



As in [|], we double the quantum fermions degrees of freedom and repre- 
sent them as 8-component Dirac spinors. In the following Tr denotes the full 
trace of fermion mass and field strength {G^i, = [D^, D^]) which are 8ni x 8n2 
matrices, where is the number of intrinsic fermion degrees of freedom. The 
explicit calculation given below is for just one nonvanishing e" : = Ng{1) 
for x"(A°). 
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2. Chiral multiplet supertrace 



Defining 

we have 



H]Hl + H,,W^ - ^Tr {hI' Hfj) , hi, = (mmU,, (B.17) 



Tr hi + ^V^V'F^^Fr, m'a = -V.V\ 



H. 



ab 



Thus: 



where 



(h^t + S''Jv + M- - Ml - 



dfj,sd^s 



Ax 

1 _|_ "T^b 



•c\b 



-Tr {H^f 



Tr (H^Y 
-Tr {H^f 



-TrH^H^ 



yah- 



0, 

1. 



1 



Trif. 



3^ = 0{N, 



G 



^TT{nT'')F^^,Fr + 0{NG), 
-T^ + -Tr 



(B.18) 



(B.19) 



Tr h^ 



n 



—V.zW.z'^K.^V-Fr + ^V^F^d^sd^s 

^2 



(B.20) 

and the chiral fermion contributions to the helicity-odd operator T_ (see |^) 
are 



rpX 

J-4 



L3 -r ^4 
^2 



— X f rf,Fi:PF?.„ - -rFi^^F?,, 
1 2 



V a HP 



4 2 
384 
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Va^'F^Fr. (B.21) 
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Then we obtain 



e^V + 0{Ng) 



rpX 



ab 



Tr(T''T") + -^VaV, 



—rV 

4 



Vd'^sd^s + {d- eyx'WabW 



-zab 



+ - 



2x2 



Finally we have 



(B.22) 
(B.23) 



so 



12 '''^ ^ 



2 

ex 



-TX _|_ -pa pup pa pfiu 
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u HP a 
2 



^ - pv a 
2" 



+ 0{Ng). (B.24) 



3. Mixed chiral-gauge supertrace 

For the bose sector we have H^,^ = —S, and, using (B.17) of M, 



Ax 



16x 



^ {F^^d's + h.c.) [(^-^^ - I {K,^V>^z^{TaZy - h.c. 



(B.25) 



To evaluate the fermion matrix elements we use Eqs. (3.36) and (C. 24-27) 

of m-. 



-Tr (H^ 



XSn2 



0, 
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2 {V,m)l {V^m)l - 8 {v.M^^)] {VM^Sa , (B.26) 



with 



8 {v^M^'^y^ {'D'Mp,)l = ^TtS\ 

+|i {K,nK,rnV^z^iTaZr [{T^zyV^z^ + {T'^zfV,^] + h.c.} 



{TaZYV^z"^ + {TaZTV^Z^ 



and 
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-{v-m^,)(v,m^^>^)1 = --i:tS'. 



(B.27) 
(B.28) 



In addition we have 



;,0p 1 , 



Using the classical equations of motion (B.17) of [ffl, we obtain, 



'X9 



1 1 
-STrH^g + T^g + — STrG^^ 

^ 2^x 



2x^ 

Cf^^ (K.^V^r^iJ^zj - h.c.) + V\T,z)'Lj 



+2e'^V (2M^ + 2Ml + 2Re{MMx) + V 



be' 



4x2 



-—^ [{d^x + 2id^y) K.^iTazyV.z'^ + h.c. 



pa 



ir,^(T,zyi)^z'^-h.c. 
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^2 



iC''^' {Ki^V,z^{T,zy - h.c.) + V^TazYCr 



+2e^V (2M2 + 2M^ + 2Re{MMx) + v)+ ^d^xd'^yF'^^V'' 



he' 



Ax' 



Vd^sd'^s - ^ {F''^ - tP'^'^) [f,^ + iFp^) d.sdPs 
{ixF-^d'-s + d^sV-) K.^iT^zyV^z'^ + h.c. 



(B.30) 



where in the last expression (C.76) of was used with (p.9| ) above. 



4. Yang-Mills supertrace 

For the bosonic contributions, we have iff = — A^; we write A*", 



a/3 - N'a(3 + 



Sa/3n, and evaluate here only A''^ 



Q/3 



00- 



TrA^ 
TrA^2 



N'^n' - e'x (r^^F^^F:^ - -rF^^F^'^ 



x'^e^ 



{F^^Fry + {F;A 



b 



(B.31) 



and, writing (G^^ 



Tr(G|)' 



'{Ft^FC)" + [f^^FC) 



(B.32) 



where we dropped total derivatives and used (B.12-B.14) of [|], as well as 
the Yang-Mills Bianchi identity. For the fermions we obtain: 



N' 



4 ^ 2 ' 
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0, 



N' p2 ?>2 



2t)2 
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b 



The nonvanishing contributions to = + Tf + are: 

^2 



V^z^V.-z^K^^V-FH^ 



(B.33) 



-'4 



-'4 5 



r r ■ 

For the supertraces we obtain [using (B. 17-20) of 
STri/s 



A^^STr/i^ - e^V, 
-iV' STr/i^ + - 

2 G 9 2 



X 



T^9 



xe 



r>',F"',Fy - -rFtFr - —rV 



V fj,p a 



+—Kj^V,zW,z^V''Fr + -VJ), (W^' + W'^') + 2e2p2 



— STrG^ 
12 ^ 



le 

— AT' STr^2 _ i 
12 ^ ^ 12 



fiv a 
2 



(B.34) 



+ p^i), >v 



)a6 



w 



(B.35) 



The space-time curvature dependent terms in the supertraces evaluated 
above give a contribution Cr of the form (2.23) of with 

lnA2 



fii/ 



327r2 



e^x 
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a 



327r2 
a\ (3 = (3^. 



(B.36) 



The metric redefinition in (2.24-25) of 
lnA2 



327r2' 



gives a correction 



2V]V 



-2e' 



X' 



[B.37) 



Tlie result for constant x, given in ( p.35|) of section 2, is obtained by 
setting Ma = 0, ?/ = 0, s = x = constant in the above equations. In 
section 2 the fields (^^ are taken to be canonically normalized. Combining the 
above results and evaluating Ci— Cr+ A^C— AkC— A^C— CaX"^ — CaC-bX"^^ 
yields the results given in (|2.35| ), with ^J2x({f^ and 



[d - e)' 



E <e5, ^ 2e, - E <e^e^<e^ ^ 4e^ 

/37 a[3-y5 

E<f^7/3-Ee7«ea/3) =(rf-2e)2. (B.38) 

/37 \ « / 



C. Lagrangian with a vector potential superfield 

In this appendix we follow the notation of 0] : Greek letters are used for two- 
component spinorial indices, Roman letters for tangent space and coordinate 
indices, and the metric is ( — 1-++), i.e. the negative of the one used elsewhere 
in the text. We include the chiral fields = {X*,Z"}, where the X* are 
PV regulator fields charged only under an anomalous U{l)x, and Z"- are the 
physical, light fields of the effective low energy theory. 
Defining, in analogy with the chiral superfield Xa = 



I (V^ - 8R] V^K 
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introduced in [0, 
the PV Lagrangian gets contributions (in WZ gauge) 



Xr 



Uv^-m)v^k\ (c.i) 



+ h.C. = - -VXa 

4 



1 1 - 

+ -qik'Dx + qiV2x''Xxki + -qia^kiyX^a'^x' + h.c. 



4^ 



+V2x'\x{TxxfK, + ig^a^fc^gxV^^x" + h-c, (C.2) 

where K' = K + k^ and the last equahty follows because 

q,¥ = {TxxYk: = d\ q,kl = {TxzYK^,, q^k^ = {Txx)\TxxfK[,. 

(C.3) 

The first two terms are the contributions to Vj^ of |]^ quadratic in X* without 
the gauge connections for X\ and 



dk^ 



a i, x,y = i,a. (C.4) 

The remaining terms covariantize dmx'^ and give the correct ip,Xx, Dx terms. 
All fermion derivatives include the Kahler U{1) connection that has a piece: 



' 16 



(k'e^"^ 



1 

16^ 



-cr 



/3q 



k' 



+ -qik'va 



3 -K[{da + iqiaa)x'' -h.c. 



(C.5) 



In other words Aa includes the gauge connection for U{l)x- The fully co- 
variant derivative for the fermions contains the additional gauge connection 
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terms: 



ki 



D^x'x 3 ^arnq^[xx + ^''^tx'')+0{X^)=^a^qAxx + -§-x'']+0{X^) 



Dmx" 3 ^amq^xr'^hX' + OiX'')=^amq^K''^kl 



^]x' + 0{X^), (C.6) 



where we used the fact that 
So the fully covariant kinetic energy term contains the terms: 



-K^-^hi + OiX^), 



- {DmXn X^Ky + h.c. 3 qia^k'xya^x" + h.c. + 0{X 



(C.7) 



(C.8) 



which is just the last term in (C.2). Thus we get the standard form of the 
tree Lagrangian, and loop corrections from X* are also of standard form. 
Converting to the notation used previously {e.g., amd"^ — —A^A^), we ob- 
tain the results ( [4.9|j4.13| , [4.15| ) given in section 4, where we used the classical 
equation of motion Dx = —g^dx- The right hand side of ( [4 .131) is given by 



the RHS of (C.2) with fermion fields set to zero and A;* — /x^ = constant. 



D. Errata 

Here we list corrections to [Q, |]. 

1. The term +\{g^j.prucr + Quprpia + gnarvp+ Quar^Mp) is missing from the ex- 
pression for X^j/,po- in (2.22) and (B3) of |^]. As a consequence (B6) should 
read 

TtX = -2QV+2r, TrX^ = AW"^ -2ArV +22rf,yr^''' -2r'^ +ioisi derivative, 
the following replacements should be made in (B20): 



N + 1 

i 

12 



N -7 

1 

12 



-Wr 



-13W, r^^^r^" 
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the first three equations in (B22) should read: 

InA^ iV + 891nA2 

" ~ " W' ^ ~ 6 327r2 ' 

lnA2r_^/ -.. 2 . -A 2iV + 68^^^ 2N + 16 ^ 



and (B23) (as well as footnote 23 of should read: 



1 . ^ InA' 
—ArC 



V9 ' 327r2 
+ 



- {Ran + IQKi^) Vpz'VP-z'^g^, - ^lA^ {v^z'V.z'^ + V.z'V^z"^) i^^^j P^z^P^J 
In addition, in Eq. (C.55) of Q, the replacements 

should be made in the expression for TtX^, and the replacements 



-—rF" FP" + — 
4 Ml'-' a ^4 

should be made in the second equation of (C.62). 



rF^,Fr^+—rF^,Fr, +2<:eF;^F7 ^ -S^xF^^F^, -5rV ^ -13rV, 



2. In (3.33) the expression for T3 is missing a term: 

T3 ^ T3 - (M/.pM"" - ^ppM''') , 

the last line of TvTZTZ^ in (3.35) has the wrong sign, and the last term in 
the second line of the RHS of (3.36) should be multiplied by —2/3. As a 
consequence, | — > —j^ in T^, (C.35), and in T3, (C.59); | — > i| in the 
fourth line of (C.62). In addition | ^ ^ in the second line of STrG^^^j in 
(C.62). Including these and the above corrections, the first two equations of 
(C.63) should read: 

l2 



eo = ieo), + el-^^I^^V + 2x'pJV + ^VMT'^zyY 
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and (C.64) should read: 



lnA2fAr_99^2 2A^ + 194 
327r2 1 3 3 



VV 



47V + 32^,^2 
: VMl 



+ 

+ 
+ 



3x 



1 



D 

N + 71 



3 

+ 71 



2x^p,p') ^F^^FP-V^z'V^'z^K,, 



2x^p,p' ) xF^^FrV.z'V^'z^'K,, 



3. The sign of the last term in the expression for + Hch in (2-12) of and 
in (C.14) of is incorrect. As a consequence, — ISr^^yF'^'' in footnote 22 
of g and -er^^r'^'^ in (B18) of Q should both be replaced by -2T^^T'"' 
in (C.61). 

4. In the expressions for [0^,0,^] for fermions, r^,y — > T^i, — ^F^^^Da- As a con- 
sequence of this and the above item, the coefficient —24 should be replaced 
by +2 in TyHI,^, Eq. (C.61) of |], and the coefficient oiVaV^F^^F^"" should 
be ^ instead of 2 in the same equation. In addition the final results (4.6-8) 
and (5.2) of Q are modified by the addition of the terms 

( /V -I- 7 -I- /V^l iir hf^-^l)..?: K,^!),.?."' ^ ^. 



{N + 1 + Ng) 



iV'^FrV^z'K.rn'Duz'^ + ^VaVb + W"') + 2V' 



2 

+ 3 



WF^^V^z'R.^V.z'^ + Di{Tazy Vb W'^" + W"" + -VV, 



TT,ab\ , 2, 



from contributions proportional to [D^, 0,^]"^ from fermion loops and iTrG^^, 



the term 



+2xVPi [^?a^?6 (W"^ + W"'') + 4p2 
from -iTrHfH^ + h - iTr^i^f + Tg, Eqs. (C.34,35,59) of §, and an 



additional term 



VaVf, + W"^) + 4P^ 
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from —jTrHfH^. In addition the contribution of -R^i/ was neglected in the 
calculation of 2ty.; this gives an additional contribution 

xp'V'Fr + 2iTazy (Fr - i^r) 

which does not contribute to (2.22), and only the last term contributes when 
the string dilaton is present. 

5. The coefficient of V^,z'V^z^KifhRjn (V^zW^z^ - VzW^z^) in footnotes 
6, 13 and 21 and the coefficient of 

^V^z'V.z'^K.rn E (^a + 1) K;^n {V^Z^V'z'' - V^Z^V^z"") 
a 

in footnote 8 of [Q] should be multiplied by —2. 

6. The last term in brackets in the expression for Tr{H^)'^ in (C.33) of Q 
should be multiplied by ^, and the last term in (C.38) should be multiplied 
by —2, with corresponding changes in (C.36) and the final results. 

7. There are errors in the coefficients of the the expressions following —T^^ 
in the second equality for ^Tr (Hf^)'^ , Eq. (C.41), and in similar terms in 
the other traces. For the canonical gauge kinetic energy case considered 
here the corrections to amount to the changes: —2T)V — 6'DM'^ in (C.41), 
-28PM2 in the expressions for ^STrH'^, Eq.(C.36), +8VM'^ and -8VM'^ in 

|Tr [nf^y , and ^STr respectively, Eqs. (C.50,51), and +4VM^ 

in |Tr(i7f+^)^ Eq.(C.58). 

8. The following are misprints in [Q]: 

The second line of (B.20) should be multiplied by x~^. 

Tt^Gq^^ should be multiplied by ^ in the first line of (C.46); the sign of 

the last term in footnote 23 is incorrect. 

The terms quartic in the field strength in (C. 52-58) should be multiplied by 
{N + 5)/r^ in (C.58). 



-20) ^z^ [xVuZ^Prhjk + Pjk {dvx - idyy)] 



44 



The terms Ml{d^yd^y/x'^) in (C.67,70) should be multiphed by 4. 

— > in the second Une of (C.71), and there should be a + sign in 
front of the third from last line. 

In addition, a factor P^z'^P'^z* is missing from the coefficient of 
2Kirn {y + 2M|) in the expression for \Ti\D^Me\^ in (B12) of |]. 
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